Our focus in this note is on rational points over non-closed fields of arithmetic interest. We seek to relate the notion of derived equivalence to arithmetic problems over various fields. Our guiding questions are: Question 1. Let X and Y be K3 surfaces, derived equivalent over a field F . Does the existence/density of rational points of X imply the same for Y ? Given α ∈ Br(X), let (X, α) denote the twisted K3 surface associated with α: If P → X is an étale projective bundle representing α, of relative dimension r − 1, then (X, α) = [P/ SL r ].
1.1. Definitions. Let X and Y denote K3 surfaces over a field F . Let p and q be the projections from X × Y to X and Y respectively.
Let E ∈ D b (X × Y ) be an element of the bounded derived category of coherent sheaves, which may be represented by a perfect complex of locally free sheaves. The Fourier-Mukai transform is defined
where push forward and tensor product are the derived operations.
X and Y are derived equivalent if there exists an equivalence of triangulated categories over F Φ :
A fundamental theorem of Orlov [Orl97] implies that Φ arises as the Fourier-Mukai transform Φ E for some perfect complex E ∈ D b (X × Y ).
Mukai lattices.
Suppose X is a K3 surface defined over C and consider its Mukai latticẽ H(X, Z) =H(X, Z) := H 0 (X, Z)(−1) ⊕ H 2 (X, Z) ⊕ H 4 (X, Z)(1),
where we apply Tate twists to get a Hodge structure of weight two.
Mukai vectors refer to type (1, 1) vectors inH(X, Z). Let (, ) denote the natural nondegenerate pairing onH(X, Z); this coincides with the intersection pairing on H 2 (X, Z) and the negative of the intersection pairing on the other summands. There is an induced homomorphism on the level of cohomology:
Note that φ E ch(F ) = ch(Φ E (F )). For X defined over a non-closed field F , there are analogous constructions in ℓ-adic and other flavors of cohomology [LO, § 2] . When working ℓ-adically, we interpretH(X, Z ℓ ) as a Galois representation rather than a Hodge structure. Observe that φ E is defined on Hodge structures, de Rham cohomologies, and ℓ-adic cohomologies-and these are all compatible.
1.3. Characterizations over the complex numbers. Morover, a derived equivalence between X and Y induces Galoiscompatible isomorphisms between their ℓ-adic Mukai lattices.
1.4. Descending derived equivalence. Let X and Y be K3 surfaces projective over a field F of characteristic zero. LetX andȲ be the corresponding surfaces over the algebraic closureF .
Lemma 5. Let v and w be primitive Mukai vectors for X and Y respectively, with (v, v) , (w, w) ≥ −2 and such that either the rank is positive or the first Chern class is ample. Suppose they are invariant under the Galois group Gal(F /F ) and there exists an isomorphism
compatible with Galois actions. Then
Proof. Our assumptions on the Mukai vectors guarantee that the moduli spaces M v (X) and M w (Ȳ ) are of K3 type, i.e., deformation equivalent to Hilbert schemes on K3 surfaces, [Yos01,
, which is smooth of dimension zero. Since M v (X) and M w (Y ) are defined over F , this scheme is defined over F . In characteristic zero, Galois-fixed points of Isom(M v (X), M w (Ȳ )) correspond to morphisms between the moduli spaces defined over F . The Torelli theorem implies that the automorphism group of a K3 surface has a faithful representation in its second cohomology. This holds true for manifolds of K3 type as well-see [Mar10, Prop. 1.9] as well as previous work of Beauville and Kaledin-Verbitsky. The Galois invariance of ι * implies that ι is defined over F .
Proposition 6. Suppose thatX andȲ are derived equivalent and the induced φ :H(X, Z ℓ ) ∼ →H(Ȳ , Z ℓ ) is compatible with Galois actions. Then X and Y are derived equivalent over F .
Proof. We use Lemma 5 in the special case where w = (1, 0, 0) and
The Galois compatibility required in Lemma 5 follows from the fact that φ is compatible with Galois actions. We do not need to check the rank/Chern class conditions as X and Y are assumed to be K3 surfaces.
1.5. Cycle-theoretic invariants of derived equivalence.
Proposition 7. Let X and Y be derived equivalent K3 surfaces over a field F of characteristic = 2. Then Pic(X) and Pic(Y ) are stably isomorphic as Gal(F /F )-modules, and Br(X)[n] ≃ Br(Y )[n] provided n is not divisible by the characteristic.
Even over C, this result does not extend to higher dimensional varieties [Add13] .
Proof. The statement on the Picard groups follows from the Chow realization of the Fourier-Mukai transform-see [LO, §2.7] for discussion. The étale realization
gives the equality of Brauer groups, after modding out by the images of the cycle class maps.
Recall that the index ind(X) of a smooth projective variety X over a field F is the greatest common divisor of the degrees of field extensions F ′ /F over which X(F ′ ) = ∅. Given a bounded complex of locally free sheaves on X
in Chow groups with Q coefficients. The degree zero and one pieces yield the rank and first Chern class of E, expressed as alternating sums of the ranks and determinants of the terms, respectively. Similarly, we may define c 2 (E) = − ch 2 (E) + ch 1 (E) 2 /2, a quadratic expression in the Chern classes of the E j with integer coefficients. Modulo the Z algebra generated by the first Chern classes of the E j , we may write
Lemma 8. If (S, h) is a smooth projective surface over F then
Proof. Consider the 'decomposible index'
because for any divisor D the divisor D + Nh is very ample for N ≫ 0. All three quantities above divide inddec(S), so we work modulo this quantity.
By the analysis of Chern classes above, the second and third quantities agree. Given a reduced zero-dimensional subscheme Z ⊂ S we have a resolution
with E −2 and E −1 vector bundles. This implies that gcd{c 2 (E) : E vector bundle on S}| ind(S). Conversely, given a vector bundle E there exists a twist E ⊗ O S (Nh) that is globally generated and
Thus there exists a zero-cycle Z with degree c 2 (E ⊗ O S (Nh)) and ind(S)| gcd{c 2 (E) : E vector bundle on S}.
Proposition 9. If X is a K3 surface over a field F then
This follows from Lemma 8 and the fact that c 2 (T X ) = 24. BeauvilleVoisin [BV04] and Huybrechts [Huy10] have studied the corresponding subgroup of CH 0 (XF ).
Proposition 10. Let X and Y be derived equivalent K3 surfaces over a field F . Then ind(X) = ind(Y ).
Proof. Theorem 4 allows us to express
where h is a polarization on X and a 2 h 2 = 2rs. It also yields a Mukai
Thus we have
and the induced homomorphism φ on the Mukai lattice. Note that
reflecting the fact that a point on Y corresponds to a sheaf on X with Mukai vector v.
Suppose that Y has a rational point over a field of degree n over F ; let Z ⊂ Y denote the corresponding subscheme of length n. Applying Φ −1
to O Z gives an element of the derived category with Mukai vector (nr, nah, ns) and
which equals n(nrs + r − s). Following the proof of Lemma 8, we compute
First suppose that r and s have different parity, so that gcd(nrs + r − s, 2rs) = gcd(nrs + r − s, rs).
Then we have
nrs + r − s, rs = r − s, rs = r, s 2 = 1 (mod g · h).
If they have the same parity then g · h must be odd and
and repeating the argument above gives the desired conclusion. Thus we find
whence ind(X)|n. Varying over all degrees n, we find
and the Proposition follows.
A spherical object on a K3 surface X/F is an element S ∈ D b (X) with
These satisfy the following
• rigid simple vector bundles are spherical;
• each spherical objectS on XF is defined over a finite extension
with (v, v) = −2 arises from a spherical object, which may be taken to be a rigid vector bundle E if r > 0 [Kul89];
• under the same assumptions, for each polarization h on X there is a unique h-slope stable vector bundle E with v(E) = v [Huy12a, 5.1.iii]. The last result raises the question of whether spherical objects are defined over the ground field:
Question 11. Let X be a K3 surface over a field F . Suppose that S is a spherical object on XF such that c 1 (S) ∈ Pic(XF ) is a divisor defined over X. When doesS come from an object S on X?
Kuleshov [Kul89, Kul90] gives a partial description of how to generate all exceptional bundles on K3 surfaces of Picard rank one through 'restructuring' operations and 'dragons'. It would be worthwhile to analyze which of these operations could be defined over the ground field.
Example 12. We give an example of a K3 surface X over a field F with Pic(X) = Pic(XF ) = Zh and a rigid sheaf E over XF that fails to descend to F . Choose (X, h) to be a degree fourteen K3 surface defined over R with X(R) = ∅. This may be constructed as follows: Fix a smooth conic C and quadric threefold Q with
Let X ′ denote a complete intersection of Q with a cubic containing C; we have X ′ (R) = ∅ and X ′ admits a lattice polarization
) is a degree 14 K3 surface containing a conic. Let X be a small deformation of X ′ with Pic(X C ) = Zh. The K3 surface X is Pfaffian if and only if it admits a vector bundle E with v(E) = (2, h, 4) corresponding to the classifying morphism X → Gr(2, 6). However, note that c 2 (E) = 5 which would mean that ind(X) = 1. On the other hand, if X(R) = ∅ then ind(X) = 2.
Examples of derived equivalence
2.1. Elliptic fibrations. The paper [AKW14] has a detailed discussion of derived equivalences among genus one curves over function fields. The results below are compatible with their approach-the derived equivalences we discuss restrict over the generic point to those in [AKW14, Th. 1.1].
In this section we work over a field F of characteristic zero. A K3 surface X is elliptic if it admits a morphism X → C to a curve of genus zero with fibers of genus one. We allow C = P 1 or a non-split conic over F . Proof. If X is elliptic then the pull back of a non-trivial divisor from C gives a square-zero class; we focus on the converse. This is well-known if F is algebraically closed [PŠŠ71, §6, Th. 1]. Indeed, let C + ⊂ H 2 (X, R) denote the component of the positive cone {η : (η, η) > 0} containing an ample divisor and Γ ⊂ Aut(H 2 (X, Z)) the group generated by Picard-Lefschetz reflections ρ R associated with (−2)-classes R ∈ Pic(X). Then the Kähler cone of X is a fundamental domain for the action of Γ on C + , so that no two elements of the cone are in the same orbit and each orbit in C + meets the closure of the Kähler cone. Thus if Pic(X) represents zero then there exists a nonzero divisor D in the closure of the Kähler cone with D 2 = 0, which induces an elliptic fibration X → P
1
. Given a divisor D ∈ C + , we can be a bit more precise about the γ ∈ Γ required to take D to a nef divisor. We can write
where each R j is the class of an irreducible rational curve contained in the fixed part of the linear series |D| (cf. proof in [PŠŠ71, §6] , [SD74, §2] ). Since every nef divisor is semiample, we conclude that two nef divisors D, D
′ cannot be in the same orbit under the action of Γ. Thus given a divisor D ∈ C + , there is a unique element in its Γ-orbit contained in the nef cone. Now suppose F is not algebraically closed and D is defined over F . Then there exists a unique f ∈ Γ · D in the nef cone of X, which is necessarily defined over F . This divisor is semiample, inducing our elliptic fibration.
An elliptic K3 surface J → C is Jacobian if it admits a section C → J. It has geometric Picard group containing (2.1)
where f is a fiber and Σ is the section. Jacobian elliptic surfaces admit numerous autoequivalences [Bri98, §5] . Let a, b ∈ Z with a > 0 and (a, b) = 1. The moduli space of rank a degree b indecomposable vector bundles on fibers of J → C is an elliptic fibration with section, isomorphic to J over C. This reflects Atiyah's classification of vector bundles over elliptic curves [Ati57, Th. 
by the formula
. The action is transitive on the (−2)-vectors in the lattice of algebraic classes
Thus we have established the following:
Proposition 14. Let J → C be a Jacobian elliptic K3 surface over F . Then autoequivalences of J defined over F induce a representation of SL 2 (Z) on (2.2) as above. This should be seen as a refinement of [HLOY04a, Th. 1.6]: orientation preserving automorphisms of the Mukai lattice of a complex K3 surface arise from autoequivalences. The point is that here autoequivalences are defined over the ground field. As a consequence, we find Corollary 15. Let J 1 and J 2 denote Jacobian elliptic K3 surfaces over a field F of characteristic zero. If J 1 and J 2 are derived equivalent then
Over an algebraically closed field this is [HLOY04b, Cor. 2.7.3]. For F not algebraically closed, Proposition 14 allows us to find an autoequivalence between J 1 and J 2 preserving the grading on the Mukai lattice; the Torelli Theorem implies that J 1 ≃ J 2 (applying the proof of Lemma 5).
Remark 16. Let X be a complex K3 surface with
It would be interesting to exhibit a natural group of autoequivalences acting as above onH(X, Z) via a congruence subgroup of level N. See [BM01, §4] for results in this direction.
We recall the classical Ogg-Shafarevich theory for elliptic fibrations, following [Cal00, 4.4.1,5.4.5]: Let F be algebraically closed of characteristic zero and J → P 1 Jacobian elliptic K3 surface. We may interpret
and each α in this group may be realized by an elliptically fibered K3 surface X → P 1 with Jacobian fibration J → P
. If α has order n then we have natural exact sequences Proposition 17. Let F be algebraically closed of characteristic zero. Let φ : X → P 1 be an elliptic K3 surface with Jacobian fibration J(X) → P 1 . Let α ∈ Br(J(X)) denote the Brauer class associated with [X] in the Tate-Shafarevich group of J(X) → P 1 . Then X is derived equivalent to the pair (J(X), α). Suppose that X and Y are K3 surfaces derived equivalent over a field F , and X is elliptic. Let Φ :
and let f X be the class of a fiber of a designated elliptic fibration X → C. Write
and note that this admits two isotropic planes • we have either
•
thus v = ±(0, f X , 0); in this case Y = Pic 1 (X/C) so in particular Y and X are isomorphic over C.
In Example 22. The first case where there are multiple isomorphism classes is degree twelve. Let (X, h) be such a K3 surface and Y = M (2,h,3) (X) the moduli space of stable vector bundles E → X with rk(E) = 2, c 1 (E) = h, χ(E) = 2 + 3 = 5, whence c 2 (E) = 5. Note that if Y (F ) = ∅ then X admits an effective zero-cycle of degree five and therefore a zero-cycle of degree one. Indeed, if E → X is a vector bundle corresponding to [E] ∈ Y (F ) then a generic σ ∈ Γ(X, E) vanishes at five points on X. As we vary σ, we get a four-parameter family of such cycles. Moreover, the cycle h 2 has degree twelve, relatively prime to five.
Is
2.3. Rank two K3 surfaces. Exhibiting pairs of non-isomorphic derived equivalent complex K3 surfaces of rank two is a problem on quadratic forms [HLOY04b, §3] . Suppose that Pic(X C ) = Π X and Pic(Y C ) = Π Y and X and Y are derived equivalent. Orlov's Theorem implies T (X) ≃ T (Y ) which means that Π X and Π Y have isomorphic discriminant groups/p-adic invariants. Thus we have to exhibit p-adically equivalent rank-two even indefinite lattices that are not equivalent over Z. 
but that Π Y fails to represent −2. Let X be a K3 surface over F with split Picard group Π X over a field F . We assume that C and f are ample. The moduli space and is isomorphic to X. These surfaces have the following properties:
• X and Y admit decomposable zero cycles of degree one over F ; • X(F ) = ∅: the rational points arise from the smooth rational curves with classes 2f − C and 25C − 2f , both of which admit zero-cycles of odd degree and thus are ≃ P
We do not know whether
Finite and real fields
The ℓ-adic interpretation of the Fourier-Mukai transform yields Theorem 24. [LO] Let X and Y be K3 surfaces derived equivalent over a finite field F . Then for each finite extension F ′ /F we have
For the case of general surfaces see [Hon13] .
We have a similarly complete picture over the real numbers. We review results of Nikulin [Nik79, §3] [Nik08, §2] on real K3 surfaces.
Let X be a K3 surface over R, X C the corresponding complex K3 surface, and ϕ the action of the anti-holomorphic involution (complex conjugation) of X C on H 2 (X C , Z). Let Λ ± ⊂ H 2 (X C , Z) denote the eigenlattices where ϕ acts via ±1. If D is a divisor on X defined over R then ϕ([D]) = −D; the sign reflects the fact that complex conjugation reverses the sign of (1, 1) forms. In Galois-theoretic terms, the cycle class of a divisor lives naturally H 2 (X C , Z(1)) and twisting by −1 accounts for the sign change. LetΛ ± denote the eigenlattices of the Mukai lattice; note thatΛ − contains the degree zero and four summands. Again, the sign change reflects the fact that these are twisted in the Mukai lattice.
We introduce the key invariants: Let r denote the rank of Λ − . The discriminant groups of Λ ± are two-elementary groups of order 2 a where a is a non-negative integer. Note thatΛ ± have discriminant groups of the same order. Finally, we set
Note that δ ϕ can be computed via the Mukai lattice
as the degree zero and four summands always give even intersections. We observe the following:
Proposition 25. Let X and Y be K3 surfaces over R, derived equivalent over R. Then
Proof. The derived equivalence induces an isomorphism
compatible with the conjugation actions. Since (r, a, δ ϕ ) can be read off from the Mukai lattice, the equality follows.
The topological type of a real K3 surface is governed by these invariants. Let Σ g denote a compact orientable surface of genus g.
Proposition 26. [Nik79, Th. 3.10.6] [Nik08, 2.2] Let X be a real K3 surface with invariants (r, a, δ ϕ ). Then the manifold X(R) is orientable and
Corollary 27. Let X and Y be K3 surfaces defined and derived equivalent over R. Then X(R) and Y (R) are diffeomorphic. In particular,
The last statement also follows from Proposition 10: A variety over R has a real point if and only if its index is one. (This was pointed out to us by Colliot-Thélène.)
Example 28. Let X and Y be derived equivalent K3 surfaces, defined over R; assume they have Picard rank one. Then Y = M v (X) for some isotropic Mukai vector v = (r, f, s) ∈H(X(C), Z) with (r, s) = 1. For a vector bundle E of this type note that
which is odd as r and s are not both even. Then a global section of E gives an odd-degree cycle on X over R, hence an R-point.
Geometric case: local fields with complex residue field
Let X be a projective K3 surface over F = C((t)). Consider the monodromy action
associated with a loop about t = 0. This is quasi-unipotent, i.e., there exist e, f ∈ N such that (T e − I)
we choose e, f minimal with this property. We also have results when T is semisimple:
Proposition 31. Suppose that X and Y are derived equivalent K3 surfaces over F = C((t)). Then the following conditions are equivalent:
• X (equivalently, Y ) has monodromy acting via an element of a product of Weyl groups; • X and Y admit models with central fiber consisting of a K3 surface with ADE singularities. Thus both X(F ) and Y (F ) are nonempty.
Proof. We elaborate on the first condition: Let T denote the monodromy of X. Then there exist vanishing cycles γ 1 , . . . , γ s for X such i = −2, γ 1 , . . . , γ s is negative definite, and T is a product of reflections associated with the γ i . If g is any polarization on X then the γ i are orthogonal to g. Thus the Fourier-Mukai transform restricts to an isomorphism on the sublattice generated by the γ i . In particular, the monodromy of Y admits the same interpretation as a product of reflections.
Let L denote the smallest saturated sublattice of H 2 (X, Z) containing γ 1 , . . . , γ s -the classification of Dynkin diagrams implies it is a direct sum of lattices of ADE type. Let M denote the corresponding lattice in H 2 (Y, Z), which is isomorphic to L. After a basechange
where e is the order of T , the Torelli Theorem gives smooth (Type I Kulikov) models X 1 , Y 1 → Spec(R 1 ) with central fibers having ADE configurations of type M, consisting of smooth rational curves. Blowing these down yield models
X , Y → Spec(R), i.e., ADE models of X and Y .
An application of Hensel's Lemma gives that X(F ), Y (F ) = ∅.
Semistable models over p-adic fields
Let F be a p-adic field with ring of integers R. A K3 surface X over F has good reduction if there exists a smooth proper algebraic space X → Spec(R) with generic fiber X. It has ADE reduction if the central fiber has just rational double points.
We start with the case of good reduction, which follows from Theorem 4 and Hensel's Lemma:
Corollary 32. Let X and Y be K3 surfaces over F , with good reduction and derived equivalent over F . Then X(F ) = ∅ if and only if Y (F ) = ∅.
We can extend this as follows:
Proposition 33. Assume that the residue characteristic p ≥ 7. Let X and Y be K3 surfaces over F , with ADE reduction and derived equivalent over 
in the category of algebraic spaces, with central fibersX 0 andỸ 0 . The Fourier-Mukai transform specializes to give an isomorphism
, there is not an evident interpretation of this as a derived equivalence over Spec(R ′ ). (See [BM02] for such interpretations for K3 fibrations over complex curves.) Furthermore ψ is far from unique, as we may compose with reflections arising from exceptional curves in eitherX 0 → X 0 orỸ 0 → Y 0 associated with vanishing cycles of X or Y.
Let L (resp. M) denote the lattice of vanishing cycles in 
Appendix: Semistability and derived equivalence
To understand the implications of derived equivalence for rational points over local fields, we must first describe how monodromy governs the existence of models with good properties. For K3 surfaces, it is widely expected that unipotent monodromy should suffice to guarantee the existence of a Kulikov model. Over C this is widely known to experts but we are unaware of a reference; here we offer an argument:
Theorem 35. Let X be a K3 surface over F = C((t)). Then X admits a Kulikov model if and only if its monodromy is unipotent.
Corollary 36. Let X and Y be derived equivalent K3 surfaces over F . Then X admits a Kulikov model if and only if Y admits a Kulikov model.
As we have seen, if X and Y are derived equivalent over F then their Mukai lattices admit a monodromy-equivariant isomorphism; thus the the characteristic polynomials of their monodromy matrices are equal.
The remainder of this section is devoted the proof of Theorem 35. We start with a review of basic results on Kulikov models.
Let R = C[[t]], ∆ = Spec(R), and ∆ • = Spec(F ). The monodromy T of X over C((t)) satisfies
for some e, f ∈ N. We take e and f minimal with this property. The semistable reduction theorem [KKMSD73] implies there exists an integer n ≥ 1 such that after basechange to
there exists a flat proper
• the generic fiber is the basechange of X to F 2 ;
• the central fiber π −1 2 (0) is a reduced normal crossings divisor. We call this a semistable model for X. It is well-known that semistable reductions have unipotent monodromy so e|n.
By work of Kulikov and Persson-Pinkham [Kul77, PP81] , there exists a semistable modification of X 2 ̟ : X → ∆ 2 with trivial canonical class, i.e., there exists a birational map X 2 X that is an isomorphism away from the central fibers. We call this a Kulikov model for X. Furthermore, the structure of the central fiber X 0 can be described in more detail: Type I X 0 is a K3 surface and f = 1. Type II X 0 is a chain of surfaces glued along elliptic curves, with rational surfaces at the end points and elliptic ruled surfaces in between; here f = 2. Type III X 0 is a union of rational surfaces and f = 3.
We will say more about the Type III case: It determines a combinatorial triangulation of the sphere with vertices indexed by irreducible components, edges indexed by double curves, and 'triangles' indexed by triple points [Mor84] . We analyze this combinatorial structure of X 0 in terms of the integer m.
V i denote the irreducible components,Ṽ i their normalizations, and D ij ⊂Ṽ i the double curves over V i ∩ V j .
Definition 37. X 0 is in minus-one form if for each double curve
Miranda-Morrison [MM83] have shown that after elementary transformation of X , we may assume that X is in minus-one form.
The following are equivalent [Fri83, §3] ,[FS85, 0.5,7.1]:
• the logarithm of the monodromy is m times a primitive matrix;
• X 0 admits a 'special µ m action', i.e., acting trivially on the sets of components, double/triple points, and Picard groups of the irreducible components; • X 0 admits 'special m-bands of hexagons', i.e., the triangulation coming from the components of X 0 arises as a degree m refinement of another triangulation.
In other words, X 0 'looks like' it is obtained from applying semistable reduction to the degree m basechange of a Kulikov model. Its central fiber X ′ 0 can readily be described [Fri83, 4.1]-its triangulation is the one with refinement equal to the triangulation of X 0 , and its components are contractions of the corresponding components of X 0 .
For Type II we can do something similar [FS85, 0.3]. After elementary modifications, we may assume the elliptic surfaces are minimal. Then following are equivalent:
• the logarithm of the monodromy is m times a primitive matrix; 
There are refined Kulikov models taking into account polarizations: Let (X, g) be a polarized K3 surface over F of degree 2d. ShepherdBarron [SB83] has shown there exists a Kulikov model ̟ : X → ∆ 2 with the following properties:
• there exists a specialization of g to a nef Cartier divisor on the central fiber X 0 ; • g is semi-ample relative to ∆ 2 , inducing
where X 0 → Z 0 is birational and Z 0 has rational double points, normal crossings, or singularities with local equations xy = zt = 0.
These will be called quasi-polarized Kulikov models and their central fibers admissible degenerations of degree 2d.
Recall the construction in sections five and six of [FS85] : Let D denote the period domain for degree 2d K3 surfaces and Γ the corresponding arithmetic group-the orientation-preserving automorphisms of the cohomology lattice H 2 (X, Z) fixing g. Fix an admissible degeneration (Y 0 , g) of degree 2d and its image (Z 0 , h), with deformation spaces Def(Y 0 , g) → Def(Z 0 , h); the morphism arises because g is semiample over the deformation space. Let Thus the partial compactification admits a (local) universal family. Theorem 35 thus boils down to The smallest positive integer n for which we have a Kulikov model equals the smallest positive integer e such that T e is unipotent.
Proof. We show that a Kulikov model exists provided the monodromy is unipotent. Suppose we have unipotent monodromy over Let X ′ 0 be the candidate for the 'replacement' Kulikov model, i.e., the central fiber of the Kulikov model we expect to find X ′ → Spec(R 1 ).
In the Type I case X ′ 0 = X 0 by Torelli, so we focus on the Type II and III cases.
Lemma 38. Suppose that X 0 admits a degree 2d semiample divisor g. Now we choose a 0 ≤ 0 so that a 0 + g 1 + a 2 = 0. It follows that g + a 0 V 0 + . . . + a m−1 V m−1 is nef: By construction, it meets L 1 , . . . , L m trivially, and it is nef on V 0 and V m because the conductor curves on those surfaces are themselves nef. Indeed, they are irreducible curves with self-intersection zero.
For Type III, we rely on Proposition 4.2 of [Fri83] , which gives an analogous process for modifying the coefficients of h so that it is trivial or a sum of fibers on the special bands of hexagons. However, Friedman's result does not indicate whether the resulting line bundle is nef. This can be achieved after birational modifications of the total space [SB83, Th. 1].
We can apply the Friedman-Scattone compactification construction to both ( X 0 , g) and ( X ′ 0 , g ′ ), with N = N X ′ 0 and mN = N X 0 . Thus we obtain two compactifications Γ\D mN → Γ\D N ⊃ Γ\D, both with universal families of degree 2d K3 surfaces and admissible degenerations.
To construct X ′ → Spec(R 1 ) we use the diagram
The liftability criterion for mappings to the toriodal compactifications gives an arrow Spec(R 1 ) → Γ\D N making the diagram commute. The induced universal family on this space induces a family
agreeing with our original family for t 1 = 0 by the Torelli Theorem. This is the desired model.
